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Abstract 

Here we define and prove some properties of the semi-classical wavefront set. We 
also define and study semi-classical Fourier integral operators and prove a generaliza- 
tion of Egorov's Theorem to manifolds of different dimensions. 
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1 Introduction 

In this article we define and establish some of the properties of the semi-classical wavefront 
set and semi-classical Fourier integral operators. The paper is organized as follows. In 
Section |21 we review some of the theory of semi-classical pseudodifferential operators, which 
we will use here. In Section |H] we gather the existing definitions of semi-classical wavefront 
set and show that they are equivalent. We furthe explore the properties of the semi-classical 
wavefront set in Section 13.11 In Section 0] we define and prove a characterization of global 
semi-classical Fourier integral operators as well as a generalization of Egorov's Theorem to 
manifolds of unequal dimensions. 

2 Preliminaries 

In this section we recall some of the elements of semi-classical analysis which we will use 
here. First we define two classes of symbols 



S? n (1) = < a G C°° (R 2n x (0, ho}) : Vcc, (3 G N n , sup h m d^d^a (x, £; h) 

(x£,h)m 2n x(0,h ] 



<a 



a,f3 



and 



S m,k ( T * R n) = | fl £ C oo ( T * R n x ^ ^ : V CY, G PT, |d£dfa (x,& h)\ < C a ^h~ m (£) 

where ho G (0, 1] and m, k G M. For a G S^n (1) or a G S m ' k (T*M n ) we define the correspond- 
ing semi-c 
by setting 



ing semi-classical pseudodifferential operator of class R n ) or \I/^ fc (IR n ), respectively, 




Op h (a) u (x) = j^yi I I e~f^~a (x, £; h) u (y) dyd£, ueS (R n ) 



for t £ [0, 1] and extending the definition to S' (R n ) by duality (see |2j). Below we shall work 
only with symbols which admit asymptotic expansions in h and with pseudodifferential 
operators which are quantizations of such symbols. For A £ \&j° t (l,R n ) or A £ ty™' t k (M. n ), we 
shall use ao(A) and o~(A) to denote its principal symbol and its complete symbol, respectively. 
For a £ S™' k (T*R n ) we define: 

ess-supp h a 

= { (x,0 £ T*X\ 3 e > d^a (x',£') = Ci B((^),e)) (h°°) , Va,/3 £ N"}' 
U (x, G T*X\ {0} | 3 e > <9^fa (x', £') = , 

uniformly in (V, £') such that \\x — x II + - — r + — - — - — r < e > /R 

w\ lei lei J 

C T*X U 

where we define S*X = (T*X\ {0}) /R+. For A £ (R n ) , we then define 

WF h (A) = ess-supp^ a,A = Oph (a) . 

We also define the class of semi-classical distributions V h (M. n ) with which we will work 
here 

V' h (R n ) ={u £ ((0, 1]; V (R n )) : V X £ C c °° (R n ) 3 N £ N and C N > : 
\FhM (^h)\<C N h- N (0 N } 

where 

F h (u){£,h)= f e-i {x '°u(x,h)dx 



with the obvious extension of this definition to S' h (M. n ). We shall work with the L 2 — based 
semi-classical Sobolev spaces H s (R n ), s £ R, which consist of the distributions u £ T>' h (M. n ) 
such that \\u\\ 2 Hs{Rn) = J Rn (l + ||£|| 2 ) s \F h (u)(£,h)\ 2 d£ < oo. 

We shall say that u = v microlocally near an open set U C T*R n , if P(u — v) = O (h°°) 
in C* c °° (R n ) for every P £ (1, R n ) such that 

^(P) C [7,f7 m U <e T*R n , [7 open. (1) 

We shall also say that u satisfies a property V microlocally near an open set U C T*R n if 
there exists v £ T>' h (R n ) such that u = v microlocally near U and f satisfies property V. 

For open sets U,V <Z T*R n , the operators T, T" £ (R n ) are said to be microlocally 
equivalent near V x [/ if for any A, B £ (R n ) such that 

M^Fft (A) C V, WF ft (B)c(/,ygyg T*R n , U mU m T*R n , [7, V" open 

A(T — T')B — O (h°°) : 2?^ (R n ) -> (R n ) . 
We shall also use the notation T = T' . 
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3 Semi-Classical Wavefront Set 



In this section we discuss the different notions of semi-classical wavefront set used in the 
literature and show that they are equivalent. We further establish some of their properties. 

We further let f*R n = T*R n U S*R n , where we set S*R n = (T*R n \0) /R+ with the R+ 
action given by mutiplication on the fibers: (x, £) i— > (x,tQ. As in the points in T*R n 
will be called finite and the points in S*R n will be called infinite. We make the following 
definition as in 

Definition 1 Let u G V' h (R n ) and let (x , Co) G f* (R n ) . We shall say that (x , Co) does not 
belong to WF h (u) if: 

• If (xq, Co) is finite: there exist x £ (R n ) with x (#o) 7^ and an open neighborhood 
U of Co, such that ViV G N, V{ G U, (£,h) \ < C N h N . We shall denote the 
complement of the set of all such points by WF[(u). 

• If(x ,Co) is infinite: there exist x G (R n ) with x (xo) 7^ and a conic neighborhood 
U of Co, such that ViV e N, Vf G C/ H {|f | > , 

\T( X u) (C,h)\<C N h N (C)~ N . 
We shall denote the complement of the set of all such points by WF^(u). 
The definition of semi-classical wavefront set given in [7j is as follows 
Definition 2 

WF h (u) = { (x, : 3A G <° (R n ) a Q (A) (x, C) ^ 0, Au G h°°C°° ((0, 1]„; C°° (R n ))} c . 



Lemma 1 u£ T>' h (R n ) if and only if for every x £ C, 
that for every \\x u \\H m {m. n ) < C m h~ km . 



there exist m, k m , C m G R such 



Proof: The first implication is clear. For the second implication, let s G R be such that 



m + s > | and consider 



Clh 



(27rhy 



- (2^r / (i+icn^c^) (c,h)\ 2 dc 



;i+iei s 



where u = T h x ^ ^^"^l^ ) 



C m h km > \\u\\ H 



>C\\u\\ L 



cc ran- 



> c- 



suppxl 



and therefore 



\Fh(xu) (C,h)\<Ch- 



l*| S 



□ 
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Lemma 2 Definitions (CP and (0|) are equivalent. 

Proof: Let (x ,£o) G T*IR n \W / F/ (w) . Let ip E C c °° (M n ) satisfy ip (x ) + and let \ e 

C£° (IR n ) have support in a bounded open neighborhood of £ such that Th (fu) (£) = 
O (h°°) uniformly for £ E V. Consider 

AU (X) = (2^f / / e ^~"'^ ( x ) V ^ (0 u W 

We clearly have that A E (W 1 ) with <t (A) (x , Co) ^ and Am = C in C°° (M n ) , 
where cr (A) is the principal symbol of the left-quantization of A. 

Let, now, (xo,£o) £ T*IR n be such that there exists A E \l/°' (R n ) elliptic at (xo,£o) such 
that Am = O (h°°) in C°° (M n ) . Let C c °° (R n ) be such that tp (x ) ^0,X (Co) ^ 0, and 

X (hD) <p = BA + R, where B E J° (M n ) , R E ~°° (M n ) . Then 

X (/il>) ^ (z) = y 1 ei^-y^x (0 ^ (</) « (v) « 

= y ei** X (0 ^ (£A) « = O 0* 00 ) m C°° (^ n ) ■ 

Therefore, x(O0^(C/^) = O (h°°) uniformly in £ and therefore (p~u(£/h) = O (h°°) uni- 
formly in £ in a bounded open set containing Co, which implies that (xo,Co) ^ ( M ) • 

The case of an infinite point is handled similarly. See also |Hj for the proof in the classical 
setting, which applies directly to the infinite semi-classical wavefront set here. □ 

3.1 Properties of the Semi-classical Wavefront Set 

In this section, we prove the following properties of the semi-classical wavefront set 

Lemma 3 Let u E V' h (M dl ), v E V' h (R d2 ), w E V h (R d3 ), V E V' h (M. dl+d2 ) , W E V' h (R d2+d3 ). 
Then 

(a) WF[(Au) C WFl(A) n WF[{u) and WF l h {Au) C WF^ (A) n WF l h \u), for A E 

(b) u®v E V' h {R dl+d2 ), WF[ (u ® v) C WF[ (u) x WFl (y) and 

WF l h [u®v)E (WF l h (u) x WFI (v)) U ((supp w x {0}) x WF l h («)) 
U (WF l h (u) x (suppw x {0})) . 

(c) ifV is proper, W F l h {y)f\{W F l h )' Rd2 (V) = 0, and WF[(v) is compact, then Vv E V h (R dl ) 
and 

WFI (Vv) C (WFff(V) {WFI („)) U (WFff udl (V) 
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and 

WF[ (Vv) C {WFI)'{V) (WF[ («)) , 

where 

{WFt)'^ (V) = {(y, V ) G T*R d >\{0} : 3x G R d \(x,0;y, V ) G {WFff (V)} 

and Vv is defined as in Theorem 7.8, J3J/. The same conclusion holds if V is not neces- 
sarily proper but v G £' h (R d2 ) and all the other assumptions are satisfied. 

(d) if at least one ofV and W are properly supported, 

{ w n)' Rd2 (V) n {wfi)' w12 (w) = 0, 

{p Gt*:3 (q,r) G R dl x R d \ (q,p) G WF£(V) 7 (p,r) G WFl{W)\ 
is compact, then V oW £ V' h (R dl+d3 ), 

(WF$ (VoW)c (WF$ (V) o (WFl)' (W) , 

and 

(WFl) (VoW)G (WF*)\V) o (wFfl (W) , 
where V o W is defined as in Theorem 7.10, J3J/. 

Remark. Part (c) of this lemma is proved in Proposition A.I. 13] without the as- 
sumption on WFhiy). In our proof, however, we also show that all estimates can be made 
uniformly in a neighborhood of WFh(v). 

Proof: In this proof we shall use (■,■) to denote the distribution pairing. We begin by 
proving (a). Let (xo,Co) ^ WFh (A) and assume that (xo, Co) is a finite point. Let B G 
(R dl ) satisfy a (B) (x , Co) ^ 0, a (B) G C c °° (R dl ) , and WF h (B) n WF h (A) = 0. Then 
BA G ^-°°'- 00 and therefore BAu = O (h°°) in C°° (R dl ) . If (x ,Co) is an infinite 

point, we can again find B G \l/°' (M dl ) with Wi^ (B) consisting only of infinite points such 
that WF h (B) n WF h (A) = and we then have that BAu = O (h°°) in C°° (R dl ) . 

Let, now, (x , Co) £ W-Ffc («) • Let c G C c °° (M dl ) satisfy c (x , Co) ^ and let d G 5 2(il (1) 
be such that dj^hC = 1 in a neighborhood C ^Wi^ii)) of (xo>Co) • Further, let x £ 

C c °° (T*M dl ) have support in an open set <s and be equal to 1 on an open subset 
U <£ V. Then the operator T = Oph (xd#h,c) has symbol a (T) = 1 mod h°° in (1) 
in U and supported in and therefore Tu = O (h°°) in C°° (R dl ) . Let B be elliptic at 
(x ,Co) with ( 5 ) C C/. Then we have that BA = BAT mod ^-°°'- 00 (R d ^ and hence 
5Am = BATu = O (h°°) in C°° (R dl ) . Therefore, (x , Co) £ WF ft (Am) . The proof is similar 
in the case of an infinite point (x , Co) • 
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We now turn to proving (b). It is trivial to check that u ® v G V h (R dl+d2 ). Let 
(x , £o; Vo, Vo) i WF[{u)xWFI (v) and let O u 0[ C R dl and 2 , 2 C R d[i be open neighbor- 

dhoods of x ,^o,Z/07 and ?7o, respectively, such that OixO[x0 2 y<0 2 C x WF((v)j 

Without loss of generality, we can assume that (xo,£o) ^ WFl(u). Then there exists 
Xi G C c °°(]R dl ) with xi(x ) 7^ and a bounded open set 0[ C M dl with £ G Oi such 
that \Fh{xiu){^h)\ = 0(h°°) uniformly for £ G 0[. Let, now, X 2 G C^°(M q!2 ) have sup- 
port near yo- Then |^7i(^) (77, < Ch~ (rj) for some C > 0, M > 0, and therefore 
iFhixiu ® X2v)(£,,r},h)\ = 0(h°°) uniformly in (£,77) G x 0' 2 for any open bounded 
0' 2 C M d2 with 77 G 2 . Therefore (x , £ ; yo, Vo) $. WF[{u ® v). 

The proof of the second assertion in (b) is as in the C°° case. See Theorem 8.2.9, j3]. 

To establish (c) and (d), we first prove the following 

Lemma 4 Let u x G V' h (W) and u 2 G £/ t (W 1 ) satisfy WF h (m) n IfF^ (u 2 ) = 0. 
TTien J u\u 2 = O (h°°) , where the integral is defined as in Proposition 7.6, J3]/. 



Proof: For u G V' h (R n ) let 

S fc = {£ G 
Si = {£ G 

S{ = {£ G 
= {£ G 



3iel n , (x,0 G 
3 x G M n , (x,£) G 



We have that = lim SU pp^_ + .{ x .} The proof is the same as in the classical case 

(h = 1) (see jl], Section 8.1). For every x G W 1 we can then find cp G C,? (IR n ) such that 
<p (xq) 7^ and Hh(<pui) H (— S/ l ((/?n 2 )) = 0. By Proposition 7.6, [3], we have that 

W « 2 = J tpa, (f J v^ 2 (-f J d£. (2) 

Now, since H l h {ipu\) fl S^(y9M 2 ) = 0, for every £ G H l h {ipu\) we can find an open conic 
neighborhood of £ such that ^ (-£) = ©(/i 00 ^) -00 ) uniformly in E/ $o n{f : ||f || > ^} , 
for some C > 0. Since «i G £>^(IR n ), it follows that there exist N G N and C" > such that 
\Fh(<pui){th)\ < C'h~ N (0 N and therefore (f) lpu 2 (-£) = O^ 00 ^) -00 ) uniformly in 

^ {£ : |l£ll — ^} ■ The compactness of S n_1 implies that we can find finitely many such 
neighborhoods (UDf^ and (J/ 2 )^ and a constant Ci > satisfying T, l h ((pui) C U^C/ 2 
and E^Owa) C U^C/, 1 and such that ^ (f) ^ (-£) = C(/i 00 (£)-° ) uniformly in £// n 
{£ : ||f || > J} , i = 1, • • • , Lj, j = 1, 2. We can further arrange to have (uf^f//) n (U^C/, 2 ) = 
0. Lastly, we choose finitely many sets (E/i)fii such that S''^ 1 \(u 2 = i u f* ^f) c u f= 3 i^ and 
a constant C 2 > such that pu] (f) = C(/i 00 (£)-° ) uniformly in £ G jf : ||f || > ^ 
j = 1, 2, / = 1, . . . , L 3 . With C = min{Ci, C 2 }, we then have 



nUi. 



{€:||€ll>^} 



^1 ( t) ^2 f-| ) rf£ = 0{h c 



h r z V /i 



The same argument applied now to ^{(ipuj) PI {£ G R™ : < ^} , j = 1, 2, gives that 

ll*H<£} 



and therefore 

cpui(pu 2 = 0(h c 



Choosing a locally finite partition of unity YlJLi <Pj = 1 with each function tpj chosen as 
<p above, we have that (ui,u 2 ) = YlJLi {fjUiifiUv) = 0(h°°). □ 
We, now, turn to proving (c). The fact that Vv G V h (M. dl ) is proved in P3 Proposition 

A.I.13]. We shall now prove that (wfA (V)(WFj[(v)) is a closed set. Let ((ar n , £n)) n6N C 
(wf[^ (V)(WF((v)) converge to (xo,£o)- For every n G N let (y n ,Vn) £ WF£(v) be such 
that (x n , £„; y n , rj n ) G ^W-F^j (V). Since WFj[(v) is compact, after passing to a subsequence, 
we can assume that (y n ,Vn) -» (j/o,?7o) G ^/(w). Therefore (x n ,£ n ;y n ,r]n) -> (x , Co; Z/o, ^0) 
and since ^H^F/j (V) is closed, it follows that (xo, Co; Z/o, ^0) G ^W^F/j (V). This implies 

that (z ,fo) G (wFjfV(VO(WF;f(i;)) and therefore (wf/Y (V)(WF/(t;)) is closed. 

Let, now, (x ,fo) e f (wf£)' (V)(WFl(v))\ and let 0,0' C M dl be open neighbor- 
hoods of xq and £o 5 respectively, such that 



OxO'c ((WFI)' (V)(WFt(v)) 



and O' is bounded. Let x ^ (R dl ) have support in O and let £ G O'. By the proof of 
Lemma EJ we have that 

(V(; ••), x(-)e~^ ® «(■■)) = (2^*+* ' ® *) = 

uniformly in £ G O' . 

The proof in the case of the infinite wave front set is the same. 

Lastly, to prove (d), we first observe that the fact that V o W G V h (M dl+d3 ) follows 
as in the proof of Proposition A.I.13]. To establish (c), now, we begin by proving that 

(WFA' (V) o (wfA' (W) is closed. For that, let 

((Xn,tn;yn,Vn))ne® C (wf()\v) O (w F/)' \w) 

converge to (x , £ ; Vo, Vo)- Le t ((z n , ( n )) ne ® C lR m be such that (x n , £ n ; z n , ( n ) G (wfA (V), 

(z n , ( n ; y n , r] n ) G (wF[^j (W), n G N. By the assumption, we can assume that, after pass- 
ing to a subsequence, (z n ,( n ) -> Oo,Co)- Since then {x n , £ n ; z n , ( n ) ~> Oo, £ ; Zo, Co) and 
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(\VFfj (V) is closed, it follows that (x , £ ; zb, Co) G (wf/) (F). Similarly, {y , r] ; z , Co) e 
(Vf/Y (W), and therefore 

(z ,£ ;m) e (^/)'(10"(^)'(WO. 

Let, now, (x,&y,rj) E (^(Vf/)' (V) o (VP)^ . Let Oj.Oi C R dl , 2 ,C^ C R* 

be open neighborhoods of x, £, y, and rj, respectively, such that 0\ x 0[ x 2 x 2 C 
(WF^ (V) o WF^ (W/)) c and 0[ and 2 are bounded. Let up E C c °° (R dl ) , ip E (R*») 
have supports inside 0\ and 02, respectively. Then, by the proof of Lemma 01 we have that 

(V(; ••) <8> </>(• • Oe - ^-^, ¥»(-)e-s<-'« ® •••)) = 

uniformly in (£,77) E 0[ x 2 . Therefore (x,£;y,r]) WF[(V o W). 

The proof in the infinite case is the same as in the C°° case, see Theorem 7.10, □ 

4 Global Semi-Classical Fourier Integral Operators 

Here we prove a characterization of global semi-classical Fourier Integral Operators, which 
is the semi-classical analog of Melrose's characterization of Lagrangian distributions in |3J 
Definition 25.1.1]. 

4.1 Parametrizing Lagrangian Submanifolds 

We first review some facts from symplectic geometry relating non-degenerate phase functions 
and Lagrangian submanifolds. 

Let V C R n x R m , m E N , be an open set and let tp = tp (x, 9) E (V; R) . For m > 0, 
let if also be a phase function in the sense of [3], Section 2.4. If a E S n+m (1), we define 
the oscillatory integral I (a, <p) = J Rm e d6 as in j^J, Section 2.4 if m > and set 

/ (a, uj) = e^a if m — 0. 
We further let 

C v = {(x,9)eV:<pf e (x,6)=0} 

and 

A <p = {(x,<p' x (x,e)):(x,e)eC v } 
and recall that a phase function tp is non-degenerate if 

<p' g (x, 8) = implies that ((pg x <p'gg) has maximum rank at (x, 9) . (3) 

If m — 0, it is a standard fact from symplectic geometry that A v is a Lagrangian submanifold 
of T* (R n ). If m > 0, (jHJ) implies that C v is a smooth n— dimensional manifold. Let j v : C v 3 
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(x,0) i — ► (x, ^ (x, 0)) G Ay,. Then, after shrinking V around any fixed point (x',9') G C v , 
we can assume that is a Lagrangian submanifold of T*M. n and is a diffeomorphism. 
For a proof, we refer the reader to [3], Lemmas 11.2 and 11.3. 

If A C T*M. n is a Lagrangian submanifold such that the map 7r^ : AdU 3 (x, £) h- > £ G M n 
is a local diffeomorphism, then there exist an open set W C M n \ {0} and a function i7 G 
[W] E) satisfying 

Anc/ = {(iy / (e),e):ee^}- (4) 

For a proof, see [3], Section 9. 

If A C T*IR n is any Lagrangian submanifold and 7 G A, then there exists an open set 
U C T*IR n and a non-degenerate phase function if G C°° (V) , V C M n+m open, m G No such 
that 

Ar\U = A v . (5) 

We include the proof of this well-known result here for completeness and to introduce some 
notation. Let fi = T 7 A be identified in a natural way with a subspace of T*~R n . By Lemma 
9.5, [3] we have that after a linear change of coordinates we may assume that 

V = {(0,x";t',Bx")}, (6) 

for a splitting of the coordinates x = (x', x") and £ = (£', £") , where x' = (xi, . . . , Xk) , k = 
0, . . . , n, and B is a real symmetric matrix. This implies that the differential of the projection 
7r : A — > (x",£') is bijective at 7 and therefore this map is a local diffeomorphism from a 
neighborhood of 7 to the (x",£') —space. Therefore there exists a function S G C°° (M n ;]R) 

and an open neighborhood U C T*R™ of 7 such that AnU = j ^J|r, x"; -J^) | CW. From 

this it easily follows that <p(x, £') = (x',£') — S 1 (x", £') is a non-degenerate phase function 
such that Ant/ = A M n [/. 



4.2 Semi- Classical Fourier Intergal Operators 

We are now ready to make the following definition 

Definition 3 Let M be a smooth k- dimensional manifold and let A C T*M be a smooth 
closed Lagrangian submanifold with respect to the canonical symplectic structure on T*M. 
Let r G R. Then the space Ifo (M, A) of semi-classical Fourier integral distributions of order 
r associated to A is defined as the set of all u G T>' h (M) such that 

(fl A ^J W = ° L2 ^ (h N - r -^,h^ 0, (7) 

for all N G No and for all Aj G (1, AT) , j = 0, . . . , N — 1, with compactly supported 
symbols and principal symbols vanishing on A, and any G \E^(1,X) with a compactly 
supported symbol. 
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A continuous linear operator (Mi) — > T>' h (M2) , where Mi, M2 are smooth manifolds, 
whose Schwartz kernel is an element of F h [Mi x M2,A) for some Lagrangian submanifold 
A C T*M\ x T*M2 and some r 6 R will be called a global semi- classical Fourier integral 
operator of order r associated to A. We denote the space of these operators by X r h {M\ x M 2 , A). 

Remark: The exotic looking numerology for the order needs to be explained. We follow 
the same convention as that in classical case and require that pseudo differential operators 
with compactly supported symbols in S°{1) have kernels in I®(R 2n , N*A), where A is the 
diagonal in M. 2n . Explicitly, suppose that 



K(x, y) = J e^-^c(x, , c G n C x 



c °°(R 2n ) 



Then 



|-^|U 2 (M 2 ") = JZ , : n \\J^K \\ L 2/ R 2n) = „ ||c|| L 2( R 2n) , 

(27m J 2 (27m J 2 



where is the semi-classical Fourier transform in the y variable, which is consistent with 
(J2J) with N = and the order r = (k = 2n here). 

We, now, have the following semi-classical analog of |H Lemma 25.1.2], vol. IV. 

Lemma 5 If u G J£(M, A), then Au G F h {M, A) /or every Ae^(l,M) or A G ^°' fc (T*M), 
fcgl u>«£/i compactly supported symbol. 

If u G T>' h {M) is such that for every (xo,£o) £ A i/iere exzsis A G \I/°(1,M) elliptic at 
(^Oj^o) compactly supported symbol and Au G 7£(M, A), i/ien w G J£(M, A). 27ie same 



conclusion holds if A G ^°' fe (T*M), A; G 




Proof: To prove the first statement, let u G J£(M, A), let A G \I/°(1,M) have a compactly 
supported symbol, and let A,- G ^(1, M), j = 1,...,JV, N G N, also have compactly 
supported symbols and principal symbols vanishing on A. Then 

'N-l \ /N-l \ 

Yl Ajj [A N ,A]u+ y[[ A 3 J AA N u. 

Here [Ax, ^4] G ^ f ^ 1 (l)M) has a compactly supported symbol and therefore 

|p*,AH L2(M) = (V^" 
By the choice of A and A^ we further have that 

P^|| L2(M) = o(/i 1 ^- i 
Thus, if follows by induction with respect to N that 

O lHM ) ( h N - r -i) , 
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Therefore Au E P h (M, A). 

To prove the converse, let B E ^(1, M) have a compactly supported symbol and satisfy 
(^o,£o) WF h (BA — I). Then (x ,£o) ^ WF h (BAu — u). From the first part of the proof, we 
have that BAu E 7£(M, A). Let, now, P E ^(1, M) have symbol supported in a sufficiently 
small neighborhood of (x ,£o) e ^ so ^ na ^ PBAu — Pu = 0(h°°) in C°°(M). Since again 
PBAu E P h (M,A), we have that (jlf =1 Aj) (Pu) = L 2 (h N ~ r -i\ , h 0, for any set 

of operators {Aj)f =1 , N E N, as in ©. Thus Pw G P h {M,A) for every P G #£(l,Af) 
with symbol supported in a sufficiently small neighborhood of any point (xojCo) £ A. The 
compactness of the supports of the operators (Aj)j =1 , N E N, now allows us to find P, G 

*°(1, M), j = 1, . . . , J, J E N, such that P,u G J£(M, A), j = 1, . . . , J, and £^ =1 a(P,) = 1 
on Ufr =1 supp cx(y4fc). Using the calculus of semi-classical pseudodifferential operators, we 
further obtain 

which completes the proof. 

The proof in the case of an operator A E \l/°' fc (T*M), k E R is analogous. □ 
We shall now characterize semi-classical Fourier integral distributions microlocally. We 

have the following 

Theorem 1 Let A C T*R" be a Lagrangian submanifold and let 7 G A. Let </? be a non- 
degenerate phase function in an open set V C M n+m , m E No, such that A = A v in a 

r4-— j- ™ 

neighborhood of 7. If a E S n+ ^ 4 (1) is such that supp a <^V, then I (a, ip) E P h (IR n , A) . 

Conversely, if u E J£(IR n ,A) microlocally near 7, then for every non- degenerate phase 
function ip in an open set V C M n+m , m E No, such that A = A v near 7, there exists 
a E S n+ m 4 (1) with supp a (s V such that u = I (a, <£>) microlocally near 7. 



Proof: Let 7 have canonical coordinates (#o,£o) anCl ^ us ^ rs ^ assume that A is transverse 
to the section £ = £ & t 7- Then there exists an open neighborhood U C T*M n of 7 such 
that 7T^ : A fl P 9 (x, £) 1— ► £ G M n in canonical coordinates is a local diffeomorphism. Let 
P G C; 00 (M n ; R) be chosen such that, perhaps after adjusting V, A v = {(P' (f ) , f ) : £ G W} 
for some bounded open set 1^ C l n . For £ G M n consider 

For £ G" PU integration by parts in (x, 9) gives 

f(a~^) = O (h°°) in (W c ) . (8) 
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Let, now, £ G W. Then the function $ (x, 9; £) = y? (x, 0) — (x, £) has a critical point 
at (x (f) ,0 ©) which is the inverse image in under j v of the point (H' © © • Using 
integration by parts again, we obtain that, up to a term which is O (h°°) in (W), 



H^p) (Q = / / eK^M^a (x, 0) X (a; - a; (Q , - (Q) d0dx, (9) 



where \ ^ (M n+m ) is equal to 1 on a neighborhood of 0. 

To prove that the critical point is non- degenerate, let v be in the kernel of 



Ke {x © , © ; £„) 

Then 



<&(*©.*©) 

<(*©,0©) ^(*©,0©) 



w G ker (x (£) , 9 g)) ^ © , * ©)) 

and therefore 

u e ^(f),^))^- 

We also have that 

v G ker (x (£) , 9 (£)) ^ (x (£) , (£))) 
and since and 7Tg are diffeomorphisms, it follows that v — 0. Hence 

the matrix (x © , (£) ; £) is non-singular. (10) 

We can therefore apply the method of stationary phase to the integral and obtain 

oo 

UflM © ~ e* # W® 5 *) £ h k +^ { A 2k (D x ,e) a) (x (Q , ©) , (11) 

k=0 

where A 2 k (D) are differential operators of orders < 2k, respectively. 

The Implicit Function Theorem and (fTU|) now imply that, perhaps after shrinking W 
around £, x, G C°° (W). We further adjust W so that x, 9 G (W) . Thus 

^ (x(£),0 (£);£) =-#'(£), £eW 

and therefore, by adding a constant to H if necessary, we can assume that $ (x (£) , 9 (£) ; £) = 
-if (0 for £ G We also have that for every k, A 2k (D x>e ) (a) (x (•) , 9 (•)) G Sn 2 (1). 
Thus, with A G S r n 4 (1), ^ ~ Er=o^ +f+f (^Wa)(s(-),^"(')), A = O (h°°) in 
Sn 4 (1) outside W, we obtain, from ©, ©, and (JHJ), that 

iT^)(0=e-^A(0- 

Now, the ideal of smooth functions vanishing on is generated by the symbols aj (x, £) = 
Xj — H f £ (£), j = l,...,n. Since I(a,<p) has compact support, by adjusting V without 
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changing 7 (a, <p), we can assume that is compact and we can choose x £ (T*IR n ) equal 
to 1 on a neighborhood of A^. Then a,j = x a j G (1); 3 — 1, ■ ■ ■ ,n vanish on A v . By the 
calculus of pseudodifferential operators, we have that Opt (%) I (a, <p) = Oph (%) 7 (a, </?) + 
75,7 (a, <p), where 7^-7 (a, y>) = O {h°°), h -> in C c (M n ). 

(ft 00 ) + II (Op, (a,))" (I (a, ^))|| L2(K „ ) = || (x - 77' (hD)) a (7 (a, <f))\\ L2(Rn) 
1 



(2vr/i) : 



-hD-H') a I(a,<p) 



O (h\«\-*-x ) , a G N n , ft -»■ 0. 



Thus 7 (a, y>) G 7£ (M n , A) . 

We remark here that the same argument will allow us in similar situations to use in 
condition (JZj) symbols, which do not belong to the class 5(1) and below we will do so 
without repeating this argument. 

We now turn to proving the converse. Let U, 77, W, and V be further chosen so that 
and © hold and W is bounded. Extend 77 to a function in (R n ; E). Let P G (1, W 1 ) 
satisfy (JTJ and set u = Pu. The symbols aj (x,£) = Xj — 77^. (£), j = 1, . . . ,n vanish on 
A v fl U, and therefore we obtain from (JJJ) that 

|| (x - 77' (fi) || L2(R?l) = O (ftH-r-f ) , a G PP, ft - 

and hence, after taking the Fourier transform, 



-hD-H') a u 



O (/i H+ ?- r ) , a G N n , h -> 0. 



Substituting w (£) 



L 2 (R") 

e h W (£) in (fT2"j). we obtain 

||(/i7J)%|| i2(ffin) = pi-^ae PT,ft - 0, 



(12) 



\D a v\ 



L 2 (R n ) 



0(h%- r ),ae N n . 



(13) 



As in the previous case, this implies that 



V G S n 



Let $ (x, 6;£) = <p (x, 5) -{x,£),£e W, (x, 6) G V. Choose ^Glf, and let (x (f) , (f)) e 
be the critical point of $ (•, ••;£}• Let M <t= V be & neighborhood of (x (£) , 6* (£) ) such 
that sgn $" is constant on M and let ip G C°° (M; M n ) be such that if; (x, 9) = ip' x (x, 8) on 



C,p. Define 



a (x, i 



(27rft)' 



e 4 



sen«I>" 



flldet^l'u) ovj)(x,9) for (x, 0) G M. 



Then, by the first part of the proof, we have that 



e~ l -v-I (oo, = O (ft) , ft 0, in ^ 4 (1) . 
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Iterating this process, we obtain a sequence of symbols a\ G Sn 2 4 (1) such that, if we 
denote U s = I (J2t=o h l(1 h , s G N we have that 

- tt A n 

e~v -U s = (h s+1 ) ,h^>0,mSn 4 (1) • 



Therefore, if we choose an asymptotic sum a G .S'n+m 4 (1) of Xlfclo ^ we obtain u = 
/ (a, <£>) microlocally near 7. 

Let, now, A C T*W l be any Lagrangian sub manifold and assume that the coordinates 
have been chosen in such a way that fi = T*A has the form ©. Choose a real symmetric 

matrix A a 



D A 



such that 



det (B + D A ) ^ 0. (14) 



Let A = {(x,£ + A A x) : (x,£) G A} and let 7 = (x ,£o + A\Zo) = (xo,Vo), where (x ,£o) 
are the coordinates of 7. Then, if ip G C°° (V; R) , V C M n+m , m G No, is a non-degenerate 
phase function which parameterizes A near 7, it is clear that y5 (x, 9) = | (A A x, x) + cp (x, 6 1 ) 
is a non-degenerate phase function which parameterizes A near 7. 

Let ft = T^A. It is easy to see that jl — {(0, x"; (5 + Da) and it then follows from 
(JHJ) that A is transverse to the constant section rj = r] at 7. 

Let tt G (lR n , A) microlocally near 7 and let A fc G (1, X) , k = 1,...,N, be such 
that o"o (Afc) |a = 0. From (J7|) we have that 

Let K(z,t) = j^Kr e ~^ {AAZ,z) I e^~*' ?> aO;0*; e^ A *>*> anc i consider 



b(w,T) = j e hV ' T K (w,w + y) dy 

We apply the method stationary phase to the above integral. The phase has a critical point 

~A A -I] 



-I 



at (y , £ ) = (0, r + A A w) and the Hessian of the phase at the critical point is 
which has determinant 1 and signature 0. Therefore b ~ Y2T=o h k bk with b^ G Sm (1) and 

b (w,t) = a (w,t + A A w) . (15) 

This implies that b G S 2n (1) and B k = e i {AA ''' } A k e~i {AA "<" } G % h (1,X) . From flUJ) we then 
have that o"o {Bk) \ A = 0, /c = 1, . . . , N. We can now apply the first part of the proof of this 

ii \ v-\- — -\- — 

theorem and we have that e^' A ''''u — I (a,<p) , a G S n+ ^ 4 (1) . Therefore u — I (a, <p) . 
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The converse follows from reversing this argument. □ 

Remark. Let u G (M, A) . Then Theorem ^ and Lemma El implies that for any P G 
(1, M) with a compactly supported symbol Pu is given by a finite sum of oscillatory 

integrals of the form h~ r I (a, tp) , where a G S (1) and 99 is a non-degenerate phase function 

such that A = near a point in A. □ 
Following this remark, we see that after taking a locally finite partition of unity (o,j)°° =l C 

C^°(T*M) such that Yl'jLi a j = 1 on A and applying an integration by parts argument, as 

in Chapter 7, we have 

Lemma 6 If u G /£(M, A), then WF[(u) C A. 

4.3 Generalization of Egorov's Theorem 

We now prove the following generalization of Egorov's Theorem to manifolds of unequal 
dimensions: 

Lemma 7 Let Xj, j = 1,2, be smooth manifolds. Let Oj be the canonical symplectic form 
on T*Xj, and ttj : T*X\ x T*X2 — > T*Xj the projection onto the j- th factor. Let 

A C T*X 1 x T*X 2 

be a Lagrangian submanifold of 

(T*Xt x T*X 2 , tt*^ + 7T 2 V 2 ) 

such that 7T2|a is an immersion. Let F G X r h {X\ x X2,A), r G M, /iai>e a non-vanishing 
principal symbol at (p l7 p 2 ) £ A. 

TTjen /or evert/ 4 6$' (1, A^) u>rf/i symbol supported in a sufficiently small neighborhood 
of pi there exists B G ^>° h (1,X 2 ) with symbol supported in a sufficiently small neighborhood 
of p 2 such that 

AF = FB near (pi, p 2 ) 

and 

i n2 (7i 2 \ A ya (B) = i n > (mU)* a (A). 

Remark: Strictly speaking we have not defined a symbol of a Fourier integral operator 
given in Definition El However, the proof of Theorem ^ shows that the non- vanishing of the 
amplitude given there is invariantly defined. 

Proof: By a partition of unity we can reduce the proof to the local case where Xj C M. Uj , 
T*Xj is trivial for j = 1, 2, F = J e^^^^u (x, z, 0) d9, where (p is a non-degenerate phase 
function in a neighborhood of (xq, z q , 8q) G Xi x X 2 x W 71 for some m G N such that 

Ant/ = A^ for an open set ?7 with (x , £ ; 2b, ^0) e AfW, u G S ni ^ n2 +^ (l)nC c °°(M ni+n2+m ), 
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G S° ni+n2+m (l), and A = f Rni e^-y>Va(x,Od£ with a G 
5 2 ° m (l) H CT(M 2ni ), « ~ ET= h k a k , a k G S° ni (l). 

Let $ (?/, £; x, z, 9) = (x — y,£) + (p (y, z, 9) . Then <3> has a critical point 

p z, 9) = (y (x, z, 9) , £ {x, z, 9)) = (x, ip' x (x, z,6)). 

The Hessian of $ is 



(y (x, z, 9) , £ (a:, z, 9) ; x, z, 



ip'^ x (x,z,9) -I 
-I 



and has determinant 1 and signature 0. 

Let \& (w, i]; x, z,9) = <p (x, w, 9) + (w — z, rj) . Then \1/ has a critical point 

go 0, 2, 9) = Oo 0, 2, 9) , rj (x, z,6)) = (z, -ip' g (x, z, 9)) . 

The Hessian of \& is 



(tu (x, #) , ?7o (x, z, 9) ; x, z, 9) 



I 



and has determinant 1 and signature 0. 
We define 

9 P0 (x,z,8) (p) =$ (p; a;, z, 9) - $ (p (x, z, 9) ; x, z, 9) 

($" (p (x, z, 9) ; x, z, 6>) (p - p (x, z,9)),p-p (x, z, 0)) 



and 



/ w (*,z,fl) (?) (<?; 2, 6>) - * (g (x, 2, 0) ; x, 2, 9) 

(g (a?, 2, 0) ; a?, 2, 0) (q - % (a?, 2, 0)),q- g (x, z, 6 1 )) 



For j G N and c G C, 



oo /Trp2m> 



set 



(Lj (cm)) (x, z, 9) = E 

v—fi=j 2v>3fi 



[(&'(po (x } z } 9)-x } z } 9)y l D,D) v 

9p ( x ,z,ef ( x i #)) (Po (a?, 2, ^)) 



and 



[l; w) (x, *,*)=£ E ■ 

u—fj,=j 2u>3fi 



[(^"(q (x,z,9);x,z,9)y 1 D,Dy 
i?2 v li\v\ 

fq (x,z,ef (•>")« (^ '» #)) (?o (a;, z, 0)) • 



1(3 



Now, since 7^1 a is an immersion, it follows from the Inverse Function Theorem, that there 
exists k G C°° (T*M na ; T*R ni x T*M n2 ) , such that k o 7r 2 | A = id| A . Let, now, b G C c °° (R 2na ) 
be supported near p 2 and satisfy 

Then z n2 j* (7t 2 |a)* &o _ C^iU)* «o vanishes on and since ip is a non- degenerate phase 
function, it follows that there exist c° G (M. ni+n2+m ) , j = 1, . . . , m, such that 

m 

KIa)* «o - (tt 2 |a)* b = Y J V'e/y 
For every fc > we now choose G (K 2n2 ) in such a way that 

m \ 

and choose cf G C£° (R™i+ n 2+ m ) , j = 1, . . . , m, such that 



z" 1 £ L l a (a, Uf} )-i n * ^«(«A)-E^(^" 1 «o)=E^«o- 

a+/3+7=fc o+/3+7=fc, Z=l i=l 

Lastly, let 

oo 

b^^hPbj. (16) 
i=o 

In the integrals 



L (x, z) = AF (x, z) = — y y e *<*-"*>a (x, (y, z, 9) dOdyd^ 

and 

R (x, z) = FB (x, z) = 77^p y y e^'^tt (x, w, 0) e^-^b (w, rj) d6dwdrj. 

we now apply the method of stationary phase, Theorem 7.7.5 in in the (y,£) and the 
77) variables, respectively, and obtain 



oo t t—j 



OO I L—J 

£ h ^-^-^-r £ W ^ {X ' Z ' 6) (4 («*-*-«««)) (X, Z, 9) d6 
t=0 7=0 i)=0 J 



L(x,z) ~i ni ^ 

j=0 v=0 



oo t t—j 

R (x, z) ~ r 2 ^ ^-=4^-f -r e^ x ' zfi) (ifj (u v b t - 3 -vj) (x, z, 9) d9. 

t=0 1=0 v=Q 



t=0 j=0 v=0 
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By the choice of 60 we have 

J e i^ e) u (x, z, 9) \i ni a {x, <p' x (x, z, 9)) - i n2 b (z, -ip' z {x, z, 9))} d9 




e y {x , z ,6) J- ^. ( x , z, 9) c° (x, z, 9) u (x, z, 9) d9 



= - h e fcM) D e s (S° ( x > z > •) u ° ( x > z > •)) (0) d9, 

using integration by parts. By the choice of the symbol hi we then have that 

AF-FB = O c » ri+ » 2) (h 2 -— "~ r ) . 
Iterating this argument, we obtain from the choice of the symbols b' k s that 

AF = FB near (pi,p 2 )- 
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